The morphological skeleton and morphological shape decomposition (MSD) are the two popular approaches for morphological shape representation. Each method represents an object as the union of a number of components, where each component is given by a locus of points dilated by a speci ed structuring element homothetic. Anecdotal evidence suggests that for many objects, an MSD-based representation can be more e cient than the morphological skeleton. This paper develops a theoretical comparison between the two methods. Combining the theoretical results with several de ned representation cost measures, concrete comparisons are made between the e ciency of the two methods. The results indicate that for complex objects | i.e., objects requiring a full range of homothetic sizes in the morphological skeleton representation | the MSD represents objects more e ciently than the morphological skeleton for three of four suggested cost measures.
INTRODUCTION
The morphological skeleton and morphological shape decomposition (MSD) are the two popular approaches for morphological shape representation 1, 2] . Each method represents an object as the union of a number of components, where each component is given by a locus of points dilated by a speci ed structuring element homothetic. The two methods di er, however, in how the homothetic sizes and loci of points are chosen. Researchers have suggested ways to construct e cient representations using each method, where an e cient representation is de ned as one that has little redundancy and that is computationally inexpensive to use 1,3{7].
Anecdotal evidence suggests that for many objects, an MSD-based representation can be more e cient than the morphological skeleton 3, 7] . Unfortunately, no direct theoretical comparison has been made between the two methods. In this paper, we develop such a theoretical comparison. We rst present a number of theorems showing relationships between the components selected using each of the two methods. Next, combining the theoretical results with several de ned representation cost measures, we can make concrete comparisons between the e ciency of the two methods. These comparisons are supplemented with real-world examples. The results indicate that for complex objects | i.e., objects requiring a full range of homothetic sizes in the morphological skeleton representation | the MSD represents objects more e ciently than the morphological skeleton for three of four suggested cost measures.
OBJECT REPRESENTATION METHODS
Consider the problem of representing a bounded, binaryvalued, discrete-space object X Z n . Let B be a morphological structuring element 8], with B 2 Z n , and with B bounded, convex, symmetric, and containing the origin.
Both the morphological skeleton and the MSD represent X using components formed from homothetics of B. The representation of X using the morphological skeleton is 1]: X = N k=0 S(k) kB; where S(k) = (X kB) n (X kB)B; (1) where and are morphological erosion and dilation, X n Y is that part of X that is not in Y , and N is the largest integer such that X NB 6 = . The sets S(k), known as skeletal subsets, determine how the homothetics of B are combined to form components.
While more e cient variants of the MSD have been proposed 2, 3, 6, 7] , for simplicity we consider the form for the MSD that only employs the max-include component 9].
As stated above, let N be the largest integer such that X NB 6 = . Then, the MSD representation of X using max-include components is:
The sets L(k), known as sets of centers, play a role analogous to the sets S(k) of the morphological skeleton.
ANALYSIS
In general, the MSD and morphological skeleton do not give equivalent representations; i.e., the components generated by the two schemes di er: L(k) 6 = S(k), k = 0; : : : ; N.
Also, the MSD represents X as a union of disjoint components. In contrast, the morphological skeleton components S(k) kB are not in general disjoint; i.e., S(k) kB may overlap S(j) jB for some 0 j N, j 6 = k. The overlap present in the morphological skeleton component directly a ects representation e ciency. If components overlap, then some of the area of a component is being wasted; i.e., the overlapping area is not contributing to the area of the object being represented, but it is contributing to the computational cost.
In this section, we develop a theoretical analysis comparing the components that comprise the MSD and morphological skeleton. We present a number of theorems showing the relationships between the MSD sets of centers L(k) and the morphological skeleton subsets S(k). Proofs of the theorems are given in 10].
To help quantify the component overlap in the morphological skeleton and hence determine the role component overlap plays in representation e ciency, the morphological skeleton subset, S(k), can be decomposed into subsets:
where the subsets Ao(k) and Ad(k) are disjoint and are de ned as follows:
Ao(k) = fp : p 2 S(k); (fpg kB) \ X (k+1)B 6 = g; (4) Ad ( Recall that N is de ned as the largest integer such that X NB is non-empty. Therefore, Ao(N) = ; i.e., the set S(N) must have no overlapping subset, since X (N +1)B = (there is nothing to overlap). Also, the overlapping subset of size zero, Ao(0), must also be empty, as the 0 th -order homothetic of B is a single point and can't overlap any points in XB. More formally:
Lemma 1 The overlapping subsets Ao(0) and Ao(N) are empty.
Next, consider Ad(k), the disjoint subset of S(k). By de nition, a point p 2 Ad(k) can support a homothetic kB (i.e., (fpg kB) X), and the homothetic centered at p will not intersect any larger-order components in the morphological skeleton; i.e., (fpg kB) T X (k+1)B = . As Ad(j) jB) kB; (7) with set equality if Ao(j) = for k < j < N. Thus, bounds on the size of the set L(k) can be determined by measuring the component overlap in the morphological skeleton.
To extend Theorem 7, consider the following structure for components in the morphological skeleton. Assume that This corollary follows directly from Theorem 7. The structure assumed for Corollary 2 is not an uncommon situation. For example, imagine using the morphological skeleton to represent a disk-shaped object with a square structuring element. The highest-order morphological skeleton component, S(N) NB = XNB, captures the approximate size of the disk, but many more overlapping components at other homothetic sizes are needed to round the borders of the disk. Each overlapping component that is added helps rene the border structure, but also adds very little new area to the representation. Corollary 2 indicates that for this type of object, many of the higher-order components in the MSD will be empty. This means that the MSD can typically represent this type of object with fewer components and lower computational cost than the morphological skeleton.
As discussed in Section 4, some of the computational cost measures depend on the size and number of homothetics used in the representation. Due to component overlap, the total aggregate area of the components in the morphological skeleton can be larger than the area of the object X itself. Because the components in the MSD never overlap, the total area of the MSD components is always equal to the area of X. Thus, Theorem 8 The total area of the components in the MSD representation of X is equal to Card(X), while the area of the components in the morphological skeleton representation is bounded from below by Card(X):
Card(L(k) kB), with equality if and only if Ao(k) is empty for 0 k N.
Thus, the aggregate area of the components used in the two representation methods is equal if and only if the two schemes represent the object with the same components.
RESULTS
In this section e ciency comparisons will be made between the MSD and morphological skeleton based on the theoretical analysis of the preceding section. Representation eciency can be compared by measuring computational cost. The cost of a representation must re ect the application and the hardware selected for implementation. In general, the cost of a representation should be a function of the number of non-empty components required and of the size and number of the homothetics used. The coding cost measures the number of points required to represent the object. Similarly, the component cost measures the number of components that make up the representation. The serial and parallel costs measure the complexity of using the object representation on a serial or parallel computer. By selecting an appropriate cost for the application, an e ciency comparison can be made between the representation methods.
Six images, shown in Figures 1a{f, were used to compare the representation methods. For each image, the representation using the MSD and morphological skeleton was computed, and the four de ned representation costs were computed. The structuring element used in each case was a 3 3 binary square. The results are given in Table 1 . Table 1 shows that for each image except the \digit" image, the computational cost of the MSD representation was less than or equal to that of the morphological skeleton for three of the four de ned costs. In one case, the di erence between the MSD and morphological skeleton representations is dramatic; e.g., for the \disk" image the MSD can represent the object with fewer than one-third of the components used by the morphological skeleton (11 components versus 39 components). For the coding cost, the morphological skeleton had a lower coding cost for all cases except for the \charac-ter" image. Additional results comparing the two methods are given in 10].
For the \teapot" image shown in Figure 1e , the morphological skeleton representation requires 14 components; i.e., N = 13. However, the components in the morphological skeleton do not represent the \teapot" very e ciently be- 
SUMMARY
A theoretical analysis has been developed to compare the representation strategy employed by the MSD and morphological skeleton. The analysis shows that the two methods are only equivalent for only very trivial objects; i.e., only give identical representations for objects that have a morphological skeleton representation with no overlapping components. The analysis shows a number of containment relationships exist between the sets of centers L(k) for the MSD and the morphological skeleton subsets S(k).
The results show that neither the MSD nor the morphological skeleton is always best for a speci c cost assessment technique. However, for complex objects|i.e., objects requiring a full range of homothetic sizes in the morphological skeleton representation|the MSD can typically represent objects more e ciently than the morphological skeleton for three of four suggested cost measures. The MSD does not su er from inter-component overlap, and often requires fewer large, computationally expensive homothetics to represent the object. The coding cost, which measures the number of points required to represent the object, typically favors the morphological skeleton representation.
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